Linear Algebra I
10/11/2023, Friday, 15:00 — 17:00

1 Diagonalization 34+3+3+3+3+10=25pts

Consider the matrix

0 -1 -1
M= -1 0 -1
-1 -1 0

(a) Without computing eigenvalues of M, find the sum and product of them.

(b) Without computing eigenvalues of M, determine whether it is diagonalizable. (Justify your
answer!)

Find its characteristic polynomial.

)
d) Show that —2 is an eigenvalue of M.
) Find all eigenvalues of M.

)

Is M unitarily diagonalizable? If yes, find an orthogonal diagonalizer.

REQUIRED KNOWLEDGE: Sum/product of eigenvalues and their relation to trace
and determinant, (unitarily) diagonalizability, characteristic polynomial, eigenval-
ues/vectors, finding diagonalizers.

SOLUTION:

1la: The sum of the eigenvalues is equal to the trace and the product to the determinant. Therefore,
we see that the sum of eigenvalues is 0 whereas the product is equal to

0 -1 -1
det -1 0 -1 =0-1-1-0-0-0=-2
-1 -1 0

by using Sarrus’ rule.

1b: We know that Hermitian matrices are diagonalizable. Since M is real and symmetric, it
is Hermitian. Hence, we can conclude that it is diagonalizable.

1c: The characteristic polynomial of M is given by pas(A) = det(AI — M). Note that

Al
det (AN —M) =1 X 1|=X+1+1-X—-XA—)
11 A
=\ —3\+2.

1d: Note that pps(—2) = (—2)% — 3(—2) + 2 = 0. Therefore, —2 is a root of the characteristic
polynomial and hence is an eigenvalue.

le: From the previous, we know that —2 is an eigenvalue. As such, pas(A) = (A+2)g(\) where
q is a monic polynomial of degree 2 which can be obtained by diving A3 — 3\ + 2 by A + 2:

A3 —3N+2



Therefore, we can conclude that pas(A) = (A+2)(A —1)2. Consequently, the eigenvalues of M are
)\1 = —2 and )\2 =1.

1f: Note that M being real and symmetric. Since Hermitian matrices are unitarily diago-
nalizable, so is M. To find an orthogonal diagonalizer, we proceed with finding eigenvectors of
M

For A\ = —2, we have
-2 1 1
M-M=| 1 -2 1
1 1 -2

As such, eigenvectors corresponding to the eigenvalue —2 are nontrivial solutions of

-2 1 1
1 -2 1| z=0s. (1)
11 -2

To solve this homogenous system of linear equations (1), we proceed with putting its coefficient
matrix into the reduced row echelon form:
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2 1 1 0 -3
11 -2 | 0 3 -3
L @®<®+1-@ _

1 -2 1 1 -2 1

—1-
0—33®<_® ®0—33
0 3 -3 0 00
1 -2 1] 1 1 -2 1

——z-
0—33u>01—1
0 0 0| 0 0 0
1 -2 1 1 0 —1
+2.
0 1 -1 D@ ®o1—1

0 0 0 0 0 0

Now, we see that the third unknown is a free variable whereas the first two are lead variables.

This gives us the general solution:
a

a
a

where a is a scalar. By taking a = 1, we see that

is an eigenvector for \; = —2.
For Ay = 1, we have

Aol — M =

— =
— =
)



As such, eigenvectors corresponding to the eigenvalue —2 are nontrivial solutions of
1 1 1
1 1 1{x=0;3.
1 1 1

To solve this homogenous system of linear equations (1), we proceed with putting its coefficient
matrix into the reduced row echelon form:

@-@-1-@®

111 111
—1.

111 @-® @ 0 00

111 0 0 0

Now, we see that the last two unknowns are free variables whereas the first is a lead variable. This
gives us the general solution:
—a—>b
a
b

where a, b are scalars.

By taking (a,b) = (1,0) and (a,b) = (0, 1), we see that

-1 -1
o= | 1 and x3=| 0
0 1

are linearly independent eigenvectors for Ao = 1.
To obtain an orthogonal diagonalizer, we need to orthonormalize eigenvectors.
For Ay = —2, we take
1

L1 1 1
Y1 = =

since |lz1]| = 2Tx; = V3.

For Ay = —2, we take

y o 1
9 = T = —=
loal ~ V2 |

since ||x2| = /23 x2 = V2. By employing Gram-Schmidt process, we let

Z3 = T3 — (szms)yQ-

Since yi x5 = %, we see that

1
Z3 = &L3 — —— —

\/§y2 =

—_ N N

Note that ||z3]? = 2423 = 1 + 1+ + 1 = 3. Hence, we obtain

z3 1 -1

Ys = =—|-1
[l 23] V6 2




Therefore, the orthogonal matrix

g
I
S S-Sk

is a diagonalizer. Indeed, one can verify that

MU

Therefore, we see that

o

-1
-1

Sk ok sk

-1
0
-1

o 5‘“ 5‘”

=

-1
-1
0

Sl S-Sl

1
V2
1
V2
0
_ L
V2
1
V2
0
-2 0
0 1
0 0
0 0
1 0
0 1

ur.




2 Subspaces of R" 10+ (5 +5) = 20 pts

(a) Let a,b € R and
S={xeR|(z; — avs)(w1 — bxy) =0} .

Determine all values of a and b such that S is a subspace of R?.

(b) Let
1 0 1 0
1 0 1 0
S1 = span 1 1o and S5 = span NEE
0 1 0 1
Find bases for the subspaces:
(i) S1N Sy
(i) S1+ 52

REQUIRED KNOWLEDGE: Subspaces and bases for subspaces.

SOLUTION:

2a: Note that 05 € S for all values of a and b. Also, the set S is closed under scalar mul-
tiplication for all values of a and b. To see this, let * € S and « be a scalar. Then, we have
(axy — acxs)(axy — baxs) = o?(x1 — axe)(z1 — bry) = 0. Hence, ax € S.

Suppose, now, that S is a subspace, that is, it is closed under vector addition. Note that
[ﬂ , [ﬂ € S. Therefore, [a ; b} € S. This means that (a + b — 2a)(a + b — 2b) = 0. Since the
right hand side is equal to —(a — b)?, this can happen only if @ = b. This proves that if S is a
subspace then a = b.

Suppose, now, that a = b. Then, we have S = {w € R? | (w1 — axa)(w1 — axy) = O} =
{m ER? |z = axg}. We already know that this set is nonempty and closed under scalar multi-
plication. Let x,y € S. Note that x; + y; = azs + ays = a(x2 + y2). This proves that x +y € S
and hence S is a subspace.

Therefore, we have proven that S is a subspace if and only if a = b.

2b(i): To determine a basis for S; N Sy, we first observe that

x € 51 if and only if x =

for some scalars a,b and

c
x €55 if and only if x = 2 (3)
d
for some scalars c¢,d. Therefore, x € S; N Sy if and only if

c
c
d

R Q2

d

for some scalars a, b, c,d. From the last equality, we see that a = ¢, a = d, and b = d. This means
that a = b = ¢ = d =. Therefore, we can conclude that

x € 51N Sy if and only if x =

Q@ Q 2



for some scalar a. Consequently, the vector

—_ = =

forms a basis for S; N Ss.

2b(ii): To determine a basis for Sy + Sz, we first observe from (2) and (3) that

a—+c 1 0 0
. e la+c| _ 1 0 0
x € S+ S if and only if x = 0t d =(a+c) 0 + (a+d) 1 +(b+4d) 0 (4)
b+d 0] 0 1
for some scalars a, b, ¢, d. Then, we see that

1] [o] o
1 0 0
Sl + SQ g Sparn ol>11]10
0 0f |1

The reverse inclusion holds as well. This can be seen in two different ways. One option is to invoke
the fact that

which was proven in the last homework assignment. Since dim(S;) = dim(Ss) (follows readily
from the way S; and S3 given) and dim(S; NS2) = 1 (shown in 2b(i)), we see that dim(S; + S2) =
242 —1 = 3. Therefore, we can conclude from (4) and the linear independence of the vectors

1 0 0
1 0 0
0f’11]10
0 0 1
that

S1 + Sy = span

O ==
_ O O
o O O

0 0 1

As an alternative option, we can prove directly that the reverse inclusion holds:
Let

0 0
T € span 0 0
1170

0 1

OO ==

Then,

Q o o

for some scalars e, f,g. Note that

— -0 O

1

1
z=c|i|+l-T+e)

0



Since the first two vectors in the expression above belong to S7 and the last belongs to S5, we see
that @ € S1 + Ss.
Since the vectors

O = =
O = O O
_0 O O

o
—

are linearly independent, we can conclude from (5) that they form a basis for S; + Ss.




3 Jordan canonical form 3+ 10+ 12 = 25 pts

Consider the matrix

OO O
oo = O
O V=)~
_ = O

(a) Find the eigenvalues of A.
(b) Is A diagonalizable? Why?

(¢) Find the Jordan canonical form of A.

REQUIRED KNOWLEDGE: Unitary diagonalization.

SOLUTION:

3a: The matrix A is a triangular matrix. Therefore, its eigenvalues are its diagonal entries.
So, A has only 1 as an eigenvalue.

3b: To determine whether A is diagonalizable, we need to check whether it has 4 linearly
independent eigenvectors, or equivalently dim N (I — A) = 4. To do so, we proceed by solving the
following homogenous system linear equation:

0O 0 -1 -1
0 0 -1 0
0=(I—-Ax= 0 0 0 1
0 0 0 0

One can write down the solution of this system right away:

oo o

where a, b are scalars. Then, we see that dim N(/ — A) = 2 and hence A is not diagonalizable.

3c: To find out the Jordan canonical form, we need to compute the Weyr characteristics of A.
To do so, we proceed with computing the ranks of the powers of (I — A):

rank(I — A)° =rank I, = 4
(0 0 -1 -1
. 00 -1 of
rank(/ — A)" = rank 00 0 -1~ 2
0 0 0 0
[0 0 0 1]
2 00 0 1|
rank(I — A)® = rank 000 o= 1
0 0 0 0]
[0 0 0 0]
3 0 0 0 Of _
rank(I — A)® = rank 000 o= 0.
0 0 0 0]




From the last equation, we see that rank(l — A)* = 0 for all £ > 3. Therefore, the Weyr
characteristics of A are

wy=4—-2=2
wy=2—-1=1
wy3=1-0=1
wy=0—-0=0.

This means the index x = 3. Now, we compute

p1:w1—w2:1
p2:w27w3:0

p3 = w3 —wy = 1.

Consequently, the Jordan canonical form of A consists of 1 Jordan block of size 1 x 1 and 1 Jordan
block of size 3 x 3. Therefore, A is similar to

1 10
0 1 1
0 0 1




4 Eigenvalues/eigenvectors 20 pts

Let a,b, ¢, d be scalars and M € F™*™. Consider the matrices

a b

K:L d

R vk

cM dM

Show that pA is an eigenvalue of NV if u is an eigenvalue of K and A is an eigenvalue of M.

(HINT: Let (u, ) be an eigenpair of K and (A, z) be an eigenpair of M. Construct an eigenvector
of N corresponding to the eigenvalue p in terms of  and z.)

REQUIRED KNOWLEDGE: Eigenvalues/eigenvectors.

SOLUTION:

4: Let (i, ) be an eigenpair of K and (A, z) be an eigenpair of M. Then, we have
pwry| _la b| |z1| _ |ax1 + bxo
o Rl | Pl R e ©

Mz = \z. (7)

and

Note that

N |5 aM bM| |z1z| _ |(azi + bxo)Mz| (6) and (7) NEE
xoz|  |ecM  dM| |xez|  |(cx1+dze)Mz H Toz
1z

Since both « and z are nonzero, the vector [:17 -
2

} is nonzero. Therefore, we see that pA is an

eigenvalue of N.




